We consider the relations between the Busemann function and the distance function of an open nonnegatively curved manifold. By the fact that these functions are asymptotic at infinity, we can use simultaneously the convexity of the Busemann levels and the upper bound of the second fundamental form of the distance levels. This solves Gromov's problem on strongly asymptotically flat manifolds under a certain topological condition.
Introduction
If M is simply connected of dimension n > 3 and asymptotically flat with nonnegative curvature, show that M is isometric to the euclidean n-space El*.
If yi E 0 for t > 0, i.e. K G 0 outside a compact set, then this problem is solved by Greene-Wu [lo] for simple connectivity at infinity and by Schroeder-Ziller [19] for arbitrary topology.
The idea given in [l] 
G. Drees
There are two problems with this idea: To get a geometry of curvature 2 1 at infinity, we need that the metric of the distance spheres grows not faster than the radius. Kasue [14] tried to prove this, but this proof contains an error. We will discuss this point at the end of Ch. 4. Moreover, the conclusion (M(oo),Td) = sn-* is not clear. E.g., in the flat (but not simply connected) example M = C x IIR" where C is a compact flat space form, large distance spheres are homeomorphic to C x @-l, and at infinity, they collapse to Sk-l. We do not see a priori why such a collapse cannot happen in the simply connected case.
The conjecture was proved by Greene-Wu [lo] f or n # 4,8 and by Kasue-Sugahara [16] for all dimensions in the case where o is a pole, i.e. exp, is a diffeomorphism.
The main point in all proofs is to show that the volume of large spheres is big enough. GreeneWu get this by using a nonzero topological invariant of the distance spheres: the Euler number if n is odd or the degree of the classifying map of the tangent bundle (GauB map) if n $ 4,8. Kasue-Sugahara's argument is more in the spirit of Gromov: They show that the large spheres (with normalized metric) have curvature close to 1 and injectivity radius close to K, so they converge to the unit (n -1)-sphere.
Kasue [15] and independently Eschenburg-Schroeder-Strake [7] showed that the pole condition can be eliminated in the first proof of Greene-Wu (using the Euler number). It is the main purpose of the present paper (which contains the results of the author's thesis) to show the same for the second proof of Greene-Wu (using the degree of the GauBmap),combiningideasof[10], [15] and [7] .H owever, since the metric of the distance spheres can grow slightly faster than the radius, we need a stronger flatness assumption.
Definition.
A complete Riemannian manifold M is called strongly asymptotically flat if K(t). t2Sa --+ 0 (t + co) for some (Y > 0.
Recall that, by the standard structure theory of Cheeger-Gromoll [3] for open manifolds M with K > 0, M is diffeomorphic to the normal bundle of a closed totally geodesic submanifold C, called the soul of M. The main result of the present paper is the following If C = {o}, the topological condition reduces to n # 4,8. It is a conjecture by Eschenburg-Schroeder-Strake [7] and Marenich [18] that the soul of M is always a point under the weaker assumption K(t) -+ 0 as t -+ CX. Unfortunately, the proof given by Marenich [lS] is incorrect; this was shown by Loibl [17] .
The methods used in the present paper are not strong enough to imitate KasueSugahara's argument 1161. Th ere f ore, we need the topological assumption. The ingredients of the proof are developed in Ch. 2-6; Ch. 7 contains the final argument. fs(P) = J, Mft exp,tX)) . x6tll-W ~GPM)
where dp, = (exp;')*dp(T,M), dp ( Moreover, all inequalities for f, say A(f) < q f or some differential operator A, pass over to fs in the form A(fs) < 17 + ~6 with an error &g which goes to zero as 6 + 0. We agree to abbreviate this by
The symbols a,5 and =6 are used similarly (e.g. f6 =6 f). We observe three facts. From now on, let A4 be a complete connected noncompact Riemannian manifold with sectional curvature IC > 0. By the basic construction of Cheeger-Gromoll [3] there exists a convex nonexpanding exhaustion function h : M + Ii%; in fact
where Ru is the set of geodesic rays (i.e. shortest geodesics, parametrized on [0, m) ) emanating from some fixed point o E M, and where
denotes the Busemann function of the ray u. We call h the Busemann function of M. By adding a constant if necessary, we may assume that min h = 0. The level set {h = 0) contains a compact totally convex submanifold C c M, called the soul of M. Fix a (possibly different) o E C and let p = dist(.,o).
Kasue [14] has observed three important facts for the geometry at infinity. Hence, by Remark 3, (V&(p),j(t)) 2s 1 -e(t). 0
Remark. These arguments are taken from the author's thesis. Kasue's arguments are partially incorrect.
Contracting parallel hypersurfaces of Busemann levels
Recall that, due to K 2 0, the distance function p = dist(.,O) satisfies 
of the function t H @(t -6).
Since this is monotonely decreasing to zero as t + 00 and since the total mass log t goes to infinity as t + 00, the mean o(t) decreases monotonely to zero. So we end up with Ilv(t)ll <& @+2@(t) . llul1.
(31
We now use this flow to map S onto the level sets of hs and their parallel hypersurfaces. By (2), the integral curves of X intersect the level sets of h6 transversally and exactly once; so they define a diffeomorphism of S onto Ht = (h6 = t}. Moreover, let y be an outward pointing geodesic intersecting Ht perpendicular at q = y(O). Then, by Lemma
and by the almost convexity of hs oy (i.e. the Hessian is bounded in the sense of support functions) Phkt+)),%s))
for all s > 0. Note that IlVp~ll < 1 and llVha[l < 1, since K > 0. Combining (2) and (4) we get (Xr(+?(s)) 2 c&%(7(s)),+(s)) 26 1 -fi(% (5) where e(t) + 0 as t + 00. (Cf. Fig. 1.) In particular, the integral curves define a diffeomorphism of S onto the outer parallel hypersurfaces 
I-
A way to express this is to introduce the invariant which is either 0 or co. If 0~ = 0, we can prove our theorem by just assuming (weak) asymptotic flatness as we will see below. Remark 6. Unfortunately, we prove the decay of 19(t) only by an indirect argument which gives no hint how fast this decay might be. It is not known whether there exist asymptotically flat manifolds with 0~ = co.
An almost parallel frame
Let S be a simply connected compact Riemannian manifold and E -+ 5' a bundle with metric (., .) and compatible connection e. Fix p E 5'. If the curvature tensor fi of E vanishes then every vector v E E, can be extended to a global parallel section V of E. Likewise, if ll&ll < k with R small enough, we can find a global section V which is almost parallel, i.e. 1lWlI < c. k for some universal constant C.
Asymptotically flat manifolds 85
The construction is as follows: Let a > 0 be smaller than the injectivity radius of S. Choose a finite set of points po,pl, . . . , pN such that every point of S has distance < $a from one of the pV . Call two points p,,p, neighbors if dist(p,,p,) < a; they are connected by a unique shortest geodesic yVP. For any V, choose a shortest geodesic yy from pe to py. Fix an arbitrary vector ~0 E TPo M and let wy be the parallel translate of vu to pv along yV. If p,,p, are neighbors, the parallel translate vVcL of vV to p, along yVP is close to up. Namely, choose a piecewise smooth homotopy h,, between yV o yV,, and ycl; then where Cr = max,, area(h,,). If M is strongly asymptotically flat, i.e. K(U) . u2Sa + 0 as u + 00 for some cr > 0, then R --) 0 as t + 00. In fact, if ~~(~1 is bounded as u + 03, the weak asymptotic flatness is In particular, for 0 < s f s(t) = ;T/&@ we have lILt,sll < f *
Note, that all hypersurfaces Ht,, for s < s(t) are embedded; otherwise there would be a geodesic y on M\{hs < t} of length < as(t) which starts and ends on Ht,o = {hi = t} in contradiction with the almost convexity of hg. Now fix some t 2 1 and s E where w,_r is the volume of the unit (n -1)-sphere and E is arbitrary small ifs + t is big enough.
Proof. The Gaul3 map G : H + P-l can be considered as a classifying map for the vector bundle TH. If its Brouwer degree degG is zero, G is homotopic to a constant map (cf. [13] ) and so TH must be a trivial vector bundle. Thus degGoV = degG = k # 0. 
